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Abstract

With respect to multiple attribute group decison making (MAGDM) praoblems in which both the attribute wei ghts
and the expert weights take the form of real numbers, attribute values take the form of fuzzy number intuitionistic
fuzzy numbers, anew group decision making analysis method is devel oped. Firstly, some operational laws of fuzzy
number intuitionigtic fuzzy numbers, score function and accuracy function of fuzzy number intuitionistic fuzzy
numbers are introduced. Then a new aggregation operator called induced fuzzy number intuitionistic fuzzy ordered
weighted geometric (I-FIFOWG) operator is proposed, and some desirable properties of the I-FIFOWG operators
are dudied, such as commutativity, idempotency and monotonicity. An I-FIFOWG and FIFWG (fuzzy number
intuitionistic fuzzy weighted geometric) operators-based approach is developed to solve the MAGDM under the
fuzzy number intuitionistic fuzzy environment. Furthermore, we propose the induced fuzzy number intuitionistic
fuzzy ordered weighted averaging (I-FIFOWA) operator. Findly, an illustrative example is given to verify the
developed approach and to demonstrate its practicality and effectiveness. Findly, an illustrative exampleis given to

verify the devel oped approach.

Keywords: Fuzzy number intuitionistic fuzzy numbers; opereational laws; fuzzy number intuitionistic fuzzy
weighted geometric (FIFWG) operator; induced fuzzy number intuitionistic fuzzy ordered weighted geometric (I-

FIFOWG) operator

1. Introduction

Atanassov [1, 2] introduced the concept of intuitionistic
fuzzy set (IFS), which isa generalization of the concept
of fuzzy set [3]. The intuitionistic fuzzy set has received
more and more attention since its appearance[4-17, 24-
28, 33-36]. Gau and Buehrer [4] introduced the concept
of vague set. But Bustince and Burillo [5] showed that
vague sets are intuitionistic fuzzy sets. Li [6]
investigated multiple attribute decision making with
intuitionistic fuzzy information and constructed several
linear programming models to generate optimal weights
for attribute. Lin [7] presented a new method for
handling multiple attribute fuzzy decison making
problems, where the characteristics of the alternatives

are represented by intuitionistic fuzzy sets. The
proposed method allows the degrees of satisfiability and
non-satisfiability of each alternative with respect to a set
of attribute to be represented by intuitionistic fuzzy sets,
respectively. Furthermore, the proposed method allows
the decision-maker to assign the degree of membership
and the degree of non-membership of the attribute to the
fuzzy concept “importance.” Xu [8] developed some
geometric  aggregation  operators, such as the
intuitionistic fuzzy weighted geometric (IFWG)
operator, the intuitionistic fuzzy ordered weighted
geometric (IFOWG) operator, and the intuitionistic
fuzzy hybrid geometric (IFHG) operator and gave an
application of the IFHG operator to multiple attribute
group decison making with intuitionistic fuzzy
information. Xu [9] deveoped some arithmetic
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aggregation operators, such as the intuitionigic fuzzy
arithmetic averaging (IFAA) operator and the
intuitionistic fuzzy weighted averaging (IFWA)
operator. Xu[10] further developed the intuitionistic
fuzzy ordered weighted averaging (IFOWA) operator,
and the intuitionistic fuzzy hybrid aggregation (IFHA)
operator. Later, Atanassov and Gargov [11-12] further
introduced the interval-valued intuitionistic fuzzy set
(IVIFS), which is a generalization of the IFS. The
fundamental characteristic of the IVIFS is that the
values of its membership function and non-membership
function are intervals rather than exact numbers.
Wang[13] used evidentid reasoning a gorithms to solve
multiple attribute decison making in which the
information on the attribute's weights is incomplete
certain and attribute's values is interval intuitionistic
fuzzy numbers. Xu [14] developed some geometric
aggregation operaors, such as the interval-valued
intuitionistic fuzzy weighted geometric (IIFWG)
operator and the interval-valued intuitionistic fuzzy
geometric (IIFG) operator and gave an application of
the IIFWG and IIFG operators to multiple attribute
group decison making with interval-valued
intuitionistic fuzzy information. Xu [15] developed
some arithmetic aggregation operators, such as the
interval-valued intuitionistic fuzzy weighted averaging
(IIFWA) operator, the interval-valued intuitionistic
fuzzy ordered weighted averaging (IIFOWA) operator,
and the interval-valued intuitionistic fuzzy hybrid
aggregation (IIFHA) operator and gave an application
of the IIHA operator to multiple attribute group decision
making with interval-valued intuitionigic fuzzy
information. Liu and Yuan [16] introduced the concept
of fuzzy number intuitionistic fuzzy set (FNIFS) which
fundamental characteristic of the FNIFS is that the
values of its membership function and non-membership
function are triangular fuzzy numbers rather than exact
numbers. Wang[1l7] propose some aggregation
operators, including fuzzy number intuitionistic fuzzy
weighted geometric (FIFWG) operator, fuzzy number
intuitionistic fuzzy ordered weighted geometric
(FIFOWG) operator and fuzzy number intuitionistic
fuzzy hybrid geometric (FIFHG) operator and develop
an approach to multiple attribute group decision making
(MAGDM) based on the FIFWG and the FIFHG
operators with fuzzy number intuitionistic fuzzy
information. Wang [24] propose the fuzzy number
intuitionistic fuzzy weighted averaging (FIFWA)
operator, fuzzy number intuitionistic fuzzy ordered
weighted averaging (FIFOWA) operator and fuzzy
number intuitionistic fuzzy hybrid aggregation (FIFHA)
operator.

With respect to the MAGDM problems, in which
both the attribute weights and the expert weights take
the form of real numbers, attribute values take the form

of fuzzy number intuitionigtic fuzzy numbers, “how to
aggregate these fuzzy number intuitionistic fuzzy data
by using the induced aggregation operators?’ is an
interesting research topic and is worth paying attention
to. In this paper, we shall develop some induced
aggregation operators with fuzzy number intuitionistic
fuzzy information. To do so, the remainder of this paper
is set out as follows. In the next section, we introduce
some basic concepts related to fuzzy number
intuitionistic fuzzy sets and some operational laws of
fuzzy number intuitionistic fuzzy numbers. In Section 3
we shall develop a new operator called induced fuzzy
number intuitionigtic fuzzy ordered weighted geometric
(I-FIFOWG) operator which is an extension of induced
ordered weighted geometric (IOWG) operator proposed
by Yager and Filev [18] and study some desirable
properties of the I-FIFOWG operators, such as
commutativity, idempotency and monotonicity. In
Section 4, we shall develop a new operator called
induced fuzzy number intuitionistic fuzzy ordered
weighted averaging (I-FIFOWA) operator which is an
extension of induced ordered weighted averaging
(IOWA) operator [25] and study some desirable
properties of the I-FIFOWA operators, such as
commutativity, idempotency and monotonicity. In
Section 5, An I-FIFOWG and FIFWG operators-based
approach is developed to solve the MAGDM under the
fuzzy number intuitionistic fuzzy environment. In
Section 6, an illustrative example is pointed out. In
Section 7, we conclude the pape and give some
remarks.

2. Preliminaries

Atanassov [1-2] extended the fuzzy set to the IFS,
shown asfollows:

Definition 1. An IFS A in X isgiven by
A:{<x,rrk(x),nA(x)>|xT X} )
Where m,: X ® [0,1] and n,: X ® [0,1], with
the condition
0£m,(x)+n,(x)£1," xT X
The numbers rr]A(X) and nA(X) represent,

respectively, the membership degree and non-
membership degree of the element Xto the set A. And

let p,(X)=1- m,(X)-n,(x), then p,(X) is
called the degree of indeterminacy of Xto A[1-2].
Definition 2. Let X isauniverse of discourse, An IVIFS

/%k over X isan object having the form [11-12]:

)5\:{<X,M(x),r%A(x)>|xT X} @)
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Where M(X)i [0,1] and r%A(x)i [0,1] are
interval numbers, and

0£ sup(rh, (x))+sup(r, (x)) £1," xT X
i, (x) =[a.b]
i, (x) =[c,d], 0 A=([a,b].[c.d]).

Liu and Yuan [16] introduced the concept of fuzzy
number intuitionistic fuzzy set (FNIFS) which
fundamental characteristic of the FNIFS is that the
values of its membership function and non-membership
function aretriangular fuzzy numbers.

Definition 3. Let X is a universe of discourse, An

For convenience, let

FNIFS /%k over X isan object having theform:
A:{<x,%A(x),%A(x)>|xT X} ®

Where %A(X)i [0,1] and %A(X)\I [0,1] are
triangular fuzzy numbers, and

4,09 =(8:(3).£ (X £ (): X ® [0
b(x)=(B (8. £, B(): x® [0

O£t (x)+ £2(x)£1," xI X
t(x)=(ab.).
%A(x):(l,m, p),so/%\:<(a,b,c),(l,m, p)>
Definition 4. Let & =((a,h,c).(L.m,p,))
and ﬁz:<(az,bz,cz),(|2,mz,p2)> be two fuzzy

number intuitionistic fuzzy values, then

M &~ 8,=((ag,bb,cc,),

(I, +1o- Lo m o+ m, - mm, py+p, - pip,));
@4 =((a.b.q),

(1- (1-1) 1- (1- m) 1- (- p,) )>| 3 0.

Definition 5. Let & = <(a, b, C),(I,m, p)> be a fuzzy

For convenience, let

number intuitionistic fuzzy value, a score function S of
a fuzzy number intuitionigic fuzzy value can be
represented as follows [17]:

a+t2b+c |+2m+
S(8) =", P,
s(&)1 [-11]. @

Some induced aggregating operators

Definition 6. Let &:<(a, b, C),(I,m, p)> be a fuzzy

number intuitionigtic fuzzy value, an accuracy function

H of a fuzzy number intuitionistic fuzzy value can be
represented as follows:

H ()= (a+2b+c);(| +2m+ p) ’
H (&)1 [0,1] . (5)
to evaluate the degree of accuracy of the fuzzy number
intuitionistic fuzzy value & = <(a, b, C),(I,m, p)>

where H (ﬁ)i [0,1]. The larger the value of H (%)

the more the degree of accuracy of the fuzzy number
intuitionistic fuzzy valuedis.

As presented above, the score function S and the
accuracy function H are, respectively, defined as the
difference and the sum of the membership function
M(X) and the non-membership functionr%A(X). Xu

[8] showed that the relation between the score function
S and the accuracy function H is smilar to the
relation between mean and variance in statistics. Based
on the score function Sand the accuracy function H |, in
the following, we shall give an order relation between
two fuzzy number intuitionistic fuzzy values, which is
defined asfollows:

Definition 7. Let & and &, be two fuzzy number

intuitionistic fuzzy values, (&) and s(&,) be the
scores of & and k% respectively, and IetH(ﬁl) and
H(ﬁz) be the accuracy degrees of & and B
respectively, then if S(%) < S(k%) then & is smaler
than 15 , denoted by & < k%; if S(%) = S(k%) then

if H (ﬁ) =H (k%) then & and 1 represent the same
information, denoted by a=0b; @if H (ﬁ) <H (k%)
& issmaller than k%,denoted by a<B.

3. Induced fuzzy number intuitionistic fuzzy
ordered weighted geometric (I-FIFOWG)
oper ator

Definition 7. Let ﬁj :<(aj,bj,cj),(lj,mj, p; )>

(j :lZ,L,n) be a collection of fuzzy number
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intuitionistic fuzzy values, and let FIFWG: Q" ® Q,
if

F|Fvvew(él,az,|_,gh)=c")%jm
(@ar G b
ej=l j j=1 I}
8001 a- O la-m)a- Gl n)"
(6

where W = (Wl,WZ, L,w, )T be the weight vector of

n
. o]
4(j=12L,n), adw, >0, g w, =1, then
j=1
FIFWG is cdled the fuzzy number intuitionistic fuzzy
weighted geometric (FIFWG) operator [17].

Example 1. Assume W = (0.2, 0.1,0.3 0.4) ,
4 =((0.1,02,0.3),(0.5,0.6,0.7)),
4,=((04,05,0.56),(0.3,0.3,04)),
4,=((0.4,04,05),(0.4,0.4,05)), an
4,=((0.30.4,05),(0.3,04,04)),
APNG, (8,4,,8,4,)
:«beafbafyafﬂ
022 05 04°° 04*,
03?7 06" 05 05Y),
(1- @- 09% @- 03™ (1- 04* @- 03,
1- (1- 06)**" (1- 0.39™" (1- 04> (1- 04)™,
1- (1- 07) (1- 04" (1- 05" (1- 04*)
=((0.270,0.356,0.460) ,(0.625,0.562,0.495))
Definition 8. Let ﬁj :<(aj,bj,cj),(lj,mj, p; )>

then

(j :ZLZ,L,n) be a cdllection of fuzzy number

intuitionistic  fuzzy values, An fuzzy number
intuitionistic fuzzy ordered weighted geometric
(FIFOWG) operator of dimension N is a mapping

FIFOWG: Q" ® Q, that has an associated weight

;
vector W= (W, W,,L_,W, )" such that w, >0 and
3

avw, =1. Furthermore,

=1

FIFOWG, (4,4,L.4)=04,,

j=1

@, A
=<90as(j)'.0bs Oc "2

ej=L j=1 o
® A w, 4 w, L w; 0
31-91(1- Is(J)) '1'2(1'n1(1)) 1- 9(1 P (s ) E>

(7)

where (S (1),S (2),L,S (n)) is a permutation of
(L2L,n) . such that & 2%, for al

j=2L,n. [17.

Example 2. Let 4 =((0.3,04,05),(0.2,0304)),

4,=((0.30.3,0.3),(0.4,05,0.6))

4,=((0.5,05,05),(0.30.30.3)) and
(

4,=((0.1,02,0.2),(0.6,0.7,0.8)) be
intuitionistic fuzzy values, by (4), we calculate the
scores of &j (j 212,3,4):

S(4)=0.1,5(4,)=-0.2
S(4,) =0.2,S(4,) =-0.53

four

Since
S(4) > S(&) > S(&,) > S(4,)
thus
.y =((05,05,05),(0.3,0.303)),
4, =((0.304,05),(02,0304)),
5 =((0.3030.3),(04,05,06)),
&, =((0.00.2,0.2),(06,07,08))

Suppose that W:(O.2,0.3,0.4,0.1) is the

weighting vector of the FIFOWG operator. Then, by
(7), it follows that
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FIFOWG, (8,4, 4, 4,)
:<(0.5°'2’ 03°7 03" 01,

0527 04% 034" 02,

052" 05°° 03" 02),
(1- @- 03%" @- 02" (1- 0™ (1- 06,
1- (1- 0.3%" (1- 0.3*" (1- 05*" (1- 0.7)™,
1- (1- 03°" (1- 04" (1- 06" (1- 09

=((0.214,0.291,0.297),(0.541,0451,0.353))

In the following, we shall develop an induced fuzzy
number intuitionigtic fuzzy ordered weighted geometric
(I-FIFOWG) operator.

Definition 9. An induced fuzzy number intuitionistic
fuzzy ordered weighted geometric (I-FIFOWG)
operator is defined as follows:

-AFONG, ((u,8).(w, &) L (u,4,))

:éﬁio)w'

1B B 8

£ &) O Ol S

®
where W:(Wl,WZ,L,Wn)T is a weighting vector,
such that w1 [0,1], g w, =1, j=12L,n,

j=1

&) :<(as(J)’bsu)'Csu))’('sm’msm’ps(n)> 's
the & value of the FIFOWG pair <ui,%1.> having the
jth largest U (u1[01]) and u in (u.&) is
referred to as the order inducing variable and & asthe

fuzzy number intuitionistic fuzzy values.

The I-FIFOWG operator has the following properties
similar to those of the [OWG operator [18].
Theorem 1 (Commutativity).

I-FIFOWG,, ((u,, & ),(u,.4,),L_(u .4 ))
= I-FIFOWG,, ((u, 49 ,(u,,4¢) L (u,,49))

Some induced aggregating operators

where (<ul,ﬁ9,<u2,$g:>,L,<un,ﬁn¢>) is any
permutation of (<ul,ﬁ1>,<u2,ﬁ2>,L,<un,ﬁn>).

Proof. Let

I-FIFOWG,, ((u,, &), (u,. &),

I-FIFOWG,, ((u, &9 (u,. 89),L,(u,,

since ({u,89),(u,.49),L,(u n’ﬁn¢>) Is
permutation of ((ul,ﬁl>,<u2,$2>,L,<un,$n>) . we
have g; = gJﬂ:(j ::LZ,L,n),then
I-FIFOWG,, ((u, &) (u,.4,),L.,(u,.4,))

= I-FIFOWG, ((u, 49, (u,, 49) L, (u,,46))

Theorem 2. (Idempotency) If & =& for al j, then

I-FIFOWG,, ((u,, &) ,(u,.&,),L,(u,.4,)) =4

Proof. Since %] =& for al j, wehave

HAFONG, ((u ) w. &) L (u, &)
&
% O G (1—)3

((abo).(Lm I°)>:&*l
Theorem 3. (Monotonicity) If & £ &f for al j, then

I-FIFOWG,, ((u;,4,),(u,,4,),L(u,.4,))
£1-FIFOWG,, ((u. 49, (u,. 4¢),L.(u,, &)

Proof. Let

I-FIFOWG, ((u, &) .(u,.&,),L.(u,,
L {u,89) =O(af)"

I-FIFOWG,, ((u,, 89 (u,,49),

Since ﬁj £ﬁ1¢for al j, itfollowsthat g; £ gJ¢, then

%n>)=Ca)ng"

=
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I-FIFOWG,, ((u,. &), (u,. &)L, (u,.4)) £
I-FIFOWG,, ((u,, &% ,(u,, &)L, (u,, &)

Example 3. Assume we have four FIFOWG pairs

<uj,&j> given

<ul &1>:<04<(040404) (01,02,03))) .
4,)=(02,((0.2,0.303),(0.304,05)))
4,)=(08,((06,06,0.7),(01,01,0.1))) ,
4,)=(0.3,((0.6,06,0.6),(0.1,0.1,0.1)))

That we desire to aggregate using the weighting
vector W:(O.2,0.4,0.ZLO.3) . Performing the

ordering the FIFOWG pairs with respect to the first
component, we get

(W& () =(08((06,06,07),(01,0.1,0.1)))
(W28 ) =(0.4,((04,04,04),(0.,02,0.3)))
(U8 5)=(03((06,06,06),(0.1,01,01)))
(U89 ) =(0.2,((0:2,03,03),(0.3,04,05)))

This ordering includes the ordered intuitionistic fuzzy
arguments

=((0.6,0.6,0.7),(0.1,0.1,0.1
>
)
)

v

(
=((0.4,04,0.4),(0.1,0.2,0.3
5 =((0.6,0.6,06),(0.1,0.L.0.1

&5() ((0.2,0.3,0.3),(0.30.4,05
And from this, we get an aggregated value

I-FIFOWG, ((u, &), (u;.4,).(u5,8;) (u..4,))
=((06" 0.4 06™" 0.2,

0.6°27 0.4° 0.6°" 0.3,

0.7°27 0.4°*" 06" 0.3%),

.,vv

(1- @- 0°*" (@- 0.0°*" (1- 0.9 (1- 0.3)*,

1- (1- 0.)%%" (1- 0.2)**" (1- 0.)**" (1- 0.4)%%,
1- (1- 0. (1- 03 (1- 0.)*" (1- 05)%)
=((0.371,0.437,0.450),(0.814,0.756,0.694) )

4. Induced fuzzy number intuitionistic fuzzy
ordered weighted averaging (I-FIFOWA)
oper ator

Wang [24] propose the fuzzy number intuitionistic
fuzzy weighted averaging (FIFWA) operator and fuzzy
number intuitionistic fuzzy ordered weighted averaging
(FIFOWA) operator.

Definition 10. Let ﬁj :<(aj,bj,cj),(lj,mj, p; )>
(j :ZLZ,L,n) be a collection of fuzzy number

intuitionistic fuzzy values, and let FIFWA: Q" ® Q, if

FIFWA, (4,8,L.8) = § wa

:(,?L- 6(1 a,)" 1- A (1- b;)" 1- 6(1 cj)w'ij
= j=1 =1 I}
%l 'Om,w' o p,W'g>
eJ‘l j=1 j=1
9)

where W = (Wl,WZ, L.w, )T be the weight vector of

n
. o]
4(j=12L,n), adw, >0, g w,; =1, then
j=1
FIFWA is caled the fuzzy number intuitionistic fuzzy
weighted averaging (FIFWA) operator [24].
Definition 11. Let ﬁj :<(aj,bj,cj),(lj,mj, p; )>

(j :ZLZ,L,n) be a collection of fuzzy number

intuitionistic  fuzzy values, An fuzzy number
intuitionistic  fuzzy ordered weighted averaging
(FIFOWA) operator of dimension N is a mapping

FIFOWA: Q"® Q,

T
vector W:(Wl,WZ,L,Wn) such that W, >0 and

that has an associated weight

g
aw = 1. Furthermore,
j=1

F'W(@vﬁz-l—'&q)zéwj@(j)

=<?ﬁ' i)(l %))Wl'l' é(l b,

B, O O
' mg " OR)" =
j=1

eJ‘l

) 1 é(l Cs(J))WE

(10)
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where (S (1),8 (2),L,S (n)) is a permutation of
(12,L,n) , such that 6%3(1._1) 3 6%3(1.) for all

j=2,L,n. [24].

In the following, we shall develop an induced fuzzy
number intuitionistic fuzzy ordered weighted averaging
(I-FIFOWA) operator.

Definition 12. An induced fuzzy number intuitionistic
fuzzy ordered weighted averaging (I-FIFOWA) operator
is defined as follows:

-AFONA, ((u,&).(u,.&),L(u,4))

8
=awa;
j=1
‘<91' O(l‘ a) 1 .O(l‘ )" O\t &)
e j1 = j=L
Il Om; ’Ops(J)
g = =

1)
where W:(Wl,WZ,L,Wn)T is a weighting vector,

such that w1 [0,1], g w, =1, j=12L,n,

j=1
& =@ 0 Rasn) ome po)) s
the & value of the FIFOWA pair <ui,%1.> having the
jth largest U (uT[0]) and u in (u,&) is

referred to as the order inducing variable and & asthe

fuzzy number intuitionistic fuzzy values.

The I-FIFOWA operator has the following properties
similar to those of the IOWA operator [25].
Theorem 4 (Commutativity).

I-FIFOWA,, ((u,,4,),(u,,4,),L_,(u,.4))
= I-FIFOWA,, ((u, 48 ,(u,,48),L,(u,.49))
where (<ul,ﬁ1(]>,<u2,ﬁ§3>,L,<un,ﬁn¢>) is any
permuteton of (U}, (1, 8,) L. (0, 4,).

Theorem 4 . (Idempotency) If %] =& foral |,then

I-FIFOWA,, ((u,.8,).(u,.&,),L(u, 4 )) =4

Theorem 6. (Monotonicity) If &; £ &¢ for all j, then

Q

Some induced aggregating operators

I-FIFOWA,, ((u, &), (u,.8,),L(u,.4,))
£1-FIFOWA,, ((u,, &%) ,(u,.&4¢),L(u,,4))

5.  An approach to group decision making with
fuzzy number intuitionistic fuzzy
information

In this section, we shall develop an approach to group
decision making with fuzzy number intuitionistic fuzzy
information as follows.

Let A:{AL,AZ,L,,%} be a discrete set of
alternatives, and G:{GI,GZ,L,Gn} be the set of
attributes, W:(Wl,WZ,L,Wn) is the weighting
vector of the attribute Gj(j :lZ,L,n) ,

where WJ.T [0,1] , éwj =1 Let
j=1
D :{Dl, DZ,L,Dt} be the set of decision makers,

n :(nl,nZ,L,nn) be the weighting vector of decision

t
makers, with nki [0,1] , énk =1 . Suppose that
k=1

M ( _ K) (k) (K K (k) (K
R=(17),, ={(a6a"). (1m0}
isthe fuzzy number intuitionistic fuzzy decision matrix,

where (ai(jk),hgk),q(jk)) indicates the degree that the

alternative A satisfies the attribute Gj given by the
decison maker D, , (Iigk),m(jk), pl(jk)) indicates the
degree that the alternative A doesn’t satisfy the
attribute Gj given by the decison maker D, ,

(a9, c)1 [0]. (1, )1 o]
W+pMer, i=12L,m, j=12L,n,

k=12L,t.

In the following, we apply the I-FIFOWG and
FIFWG operator to multiple attribute group decision
making with fuzzy number intuitionistic fuzzy
informati on.

Step 1. Utilize the decision information given in matrix

I%k, and the |-FIFOWG operator which has associated

weighting vector W= (Wl, w,, L, w, )T
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b :<(6\J’ J’qj)’(lij’mj’gj»

= I-AFOWG, ((n, 47}, (n,, 7). L., (0, 7))
i=L2L,mj=12L,n. (12)
to  aggregate  all the  decision matrices
I%K (k :l2,L,t) into a collective decision matrix

I%:(P/Pj) ,

mn
weighting vector of decision makers.
Step 2. Utilize the decision information given in matrix

I%,and the FIFWG operator
U :<(aj,bj,cj),(lj,mj, P; )>
=FIFWG, (K, L K,)

i=12L,m. (13)
to derive the collective overal preference values
P/p(i:l,Z,L,m) of the alternative A ,where

,where n:{nl,nZ,L,nt} be the

w= (Wl,WZ,L,Wn )T is the weighting vector of the
attributes.

Step 3. Calculate the scores S(%) (i :lZ,L,m)of the
collective overall fuzzy number intuitionistic fuzzy
preference values ff (i :ZLZ,L,m) to rank all the

alternatives A (i :ZLZ,L,m) and then to select the
best one(s) (if there is no difference between two scores
S(P/p) and S(I%J) , then we need to calculate the

accuracy degrees H (P/p) and H (I%J) of the collective

overall fuzzy number intuitionigic fuzzy preference
values # and I%J , respectively, and then rank the

aternatives A and Aj in accordance with the

accuracy degrees H (P/p) and H (%J)

Step 4. Rank dl the alternatives A (i :lZ,L,m)
and select the best one(s) in accordance with S(P/p)
and H(#) (i=12,L.,m).

Step 5. End.

6. lllustrative example

Let us suppose there is an investment company, which
wants to invest a sum of money in the best option [11].

Thereis a pand with five possible alternatives to invest
the money: DA, is a car company; @ A, is a food
company;®A; is a computer company; @A, is an ams
company; ® As is a TV company. The investment
company must take a decision according to the
following four attributes:DG; is the risk analysis,@G,
is the growth analysis;(®G; is the social-political impact
analysis,@G, is the environmental impact analysis. The
five possible alternatives Ai(i:ZI,ZI_,S) are to be

evaluated using the fuzzy number intuitionistic fuzzy
numbers by the three decision makers (whose weighting

vector N =(O.35, 0.40, 0.25)T ) under the above four

attributes (whose weighting vector

W=(O.2,O.lO.3,O.4)T), and construct, respectively, the
decision matrices as liged in the following matrices
I%K :(%j(k))5 (k:ZLZ,B) asfollows:
¢(030405),(040505)) ((0607,08),(01,01,02)
8(0405;06 ),(020304) ((050606),(01,0203)
R= 2(02,0304 ),(040508)) ((040506),(030304)
2(050607) (010202) ((080808,(020202
& )l (

07,07,08,(010102) ((050505,(020304)

<
<
<
<
(050607),(010202))u
(
(
(
(

)
0606,07),(020203)
) ((020304),(040506

(

((040506),(020304)
(07,0809 (010101
(
(

)
050606),(020304))

07,07,07),(010101) ((Q30404),(0405086)

<
<
<
<
<

(

{ )d
010203,(050607));
040506),(030404))4

(040508))f
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€(020304),(030404)
3(030403 (010203
R= 2(0102,03 ),(0304,05)
§(a40506) (010103
i

<
) |
)
) |
)

((050508),(0101,02) ((040506),(010101)u
((030405),(010203) ((010203, (030405»3
((0607,08,(010101) ((010102) (040506>ﬂ
((040505),(01,0203) (030409, (Qzaaaam
((060606),(01,01,01)) ((020303,(0304085))4
¢(010203,(0607,07)) ((040506),(030304)
3(020304 ),(040508)) ((Q30404),(030405)
R= 2(0102,02 ),(0607,08) ((020304),(050508))
2(030403 (030404)) ((060606),(040404))
§(050506),(030304)) ((030303,(Q40506))
(040405 ,(040405)) ((030405),(030404)u
((020304),(040508)) ((01,0102),(0607,08) )ﬂ
(050607),(030303) ((010101),(07,0809 )ﬂ
((030404),(040506)) ((020304),(050606) 3
((0505089),(030303) ((01,0202),(0607,08)4

Then, we utilize the approach developed to get the most
desirable alternative(s).
Step 1. Utilize the decision information given in

matrix I%k , and the I-FIFOWG operator which has
associated weighting vector W = (0.20, 0.50, 0.30)T ,
we get a collective decision matrix I%:(P/pj)m,n as
follows:

(050607),(01,0101)
(040509,(01,0102)
(0304,05,(020203
(07,07,07),(010103)
060607),(010101) ((040404),(010203

- — —

- ——

Some induced aggregating operators

€((0.199,0.307,0.410),

e

&(0.307,0.410,0.512), )
R = &/(0.141,0.199,0.307) ,(0.452, 0.555, 0.660))

g(o 410,0.512,0.614),(0.165,0.249,0.249))

§(0.614,0.614,0.715),(0.165,0.165,0.249))

0.165,0.165,0.249

)
0.165,0.249,0.350))
0.350,0.350,0.452))
)
)

0.452,0.555,0.555))
0.249,0.350,0.452

AAAAA

((0.512,0.614,0.715),
((0.410,0.512,0512),
((0.307,0.410,0.512),
((0.715,0.715,0.715),
((0.410,0.410,0.410),
<
<

0.249,0.249,0.249
0.249,0.350,0.452
0.512,0.512,0.614),(0.249,0.249,0.350)

AAAAA

(
(0.307,0.410,0.512),(0.249,0.350,0.452))
((0.614,0.715,0.815),(0.165,0.165,0.65))
(0.410,0.512,0.512),(0.249,0.350, 0.452))
(0.614,0.614,0.614),(0.165,0.165,0.165))
(0.410,0.512,0.614),(0.165,0.249,0.249) )
(0.141,0.199,0.307),(0.452,0.555,0.660) ) ¢
(0.100,0.141,0.199),(0.555,0.660,0.771))
0.307,0.410,0.512),(0.350,0.452,0.452) )4
( )t

(
(0.199,0.307,0.307),(0.452,0.555, 0.660)

Step 2. Utilize the decision information given in
matrix l% and the FIFWG operator, we obtain the
collective overall preference values P/p of the

=12L,5).

P/g =((0.388,0.471,0.575),(0.257,0.316,0.352))

#, =((0.232,0.314,0.417),(0.331,0.433,0.540))

#, =((0.207,0.274,0.364),(0.418,0.499,0.602))
#, =((0.386,0.485,0.549),(0.276,0.366,0.398))

P/g =((0.376,0.447,0.460),,(0.302,0.367,0.453))

Step 3. Calculate the scores S(%)(I :lZL,S) of the
collective overall fuzzy number intuitionistic fuzzy
=1,2,L,5)

\_/\_/\_/\_/ \_/\_/

<
<
<
<
<
<
<

alternatives A (i

preference values (i
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S(#)=0.166,S(#,) =- 0.115
S(#)=-0.225,S(#,) = 0.125
S(#)=0.060
Step 4. Rank all the alternatives A (i 212,3,4,5) in
accordance with the scores S(%) (i :lZI_,S) of the

collective overall fuzzy number intuitionistic fuzzy
preference values&h(i:ZLZL,Q:AlfA,fAijf%,
and thus the most desirable alternativeis Al

In the following, the I-FIFOWA and FIFWA
operators are used to solve the above multiple attribute
group decision making problems. We can get the same
order of the selection. We find an important feature of
the FIFOWG and I-FIFOWA operators is that the
argument ordering process is guided by a variable called
the order inducing vaue. Both FIFOWG and I-
FIFOWA operators essentially aggregate objects, which
are pars, and provide a very genera family of
aggregation operators. However, we also find difference
between two kinds of methods, for the same multiple
attribute group decision making problems with fuzzy
number intuitionigic fuzzy information, if we
emphasize the individua influence, the method based
on the I-FIFOWG and FIFWG operators are available;
if we emphasize the group’s influence, the methods
based on the I-FIFOWA and FIFWA operators are
available.

Especialy, if the

(aj,bj,cj) and (Ij,mj,pj) are reduced to the

triangular fuzzy numbers

interval numbers éaj,bjE] andéj,ij], then, the I-

FIFOWG or I-FIFOWA operator is reduced to the
induced interval-valued intuitionistic fuzzy ordered
weighted geometric (I-1IFOWG) operator[40] or
induced interval-valued intuitionistic fuzzy ordered
weighted averaging(l-IIFOWA); if &; = bj =c;,=m,

|j =m; =p; =n; , then the I-FIFOWG or |-FIFOWA

operator is reduced to the induced intuitionistic fuzzy
ordered weighted geometric (1-IFOWG) operator[40] or
induced intuitionistic fuzzy ordered weighted
averaging(l-lFOWA) operator[ 33].

7. Conclusion

The traditional induced aggregation operators are
generally suitable for aggregating the information taking
the form of numerical values, and yet they will fail in
dealing with fuzzy number intuitionistic fuzzy
information. In this paper, we have developed an

induced fuzzy number intuitionistic fuzzy ordered
weighted geometric(l-FIFOWG) operator, which take as
their argument pairs, caled FIFOWG pairs, in which
one component is used to induce an ordering over the
second components which are fuzzy number
intuitionistic fuzzy values and then aggregated. We have
studied some desirable properties of the I-FIFOWG
operators, such as commutativity, idempotency and
monotonicity, and applied the I-FIFOWG operators to
group decision making with fuzzy number intuitionistic
fuzzy information. Furthermore, we propose the induced
fuzzy number intuitionistic fuzzy ordered weighted
averaging (I-FIFOWA) operator. Finally an illustrative
exampl e has been given to show the devel oped method.
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